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Abstract
The explicit coordinate transformations which show the equivalence between a four-
dimensional spatially flat cosmology and an appropriate submanifold in the flat five-
dimensional Minkowski space-time are presented. Analogous procedure is made for the
case of five-dimensional warped brane world models. Several examples are presented.
It is well known that in the general case a four-dimensional pseudo-Riemannian manifold
can be represented as a submanifold in a flat ten-dimensional space-time [1]. In the case
of additional symmetries the dimensionality of the ambient space-time may be smaller. The
well known example is the de Sitter space dS4, which can be represented as a hyperboloid
in the five-dimensional Minkowski space-time [2, 3]. Below we will show explicitly that any
four-dimensional space-time corresponding to the spatially-flat cosmology can be defined as a
submanifold in the five-dimensional Minkowski space-time, whereas space-time corresponding
to some five-dimensional warped brane world models can be defined as a submanifold in the
six-dimensional flat space-time.
First, let us consider a five-dimensional space with the flat metric
ds2 = −dt′2 + d~y2 + dz2. (1)
Let us represent the coordinates in the following form
t′ =
1
α
(
a(t)~x2 +
∫
dt
a˙(t)
)
+ α
a(t)
4
, (2)
z =
1
α
(
a(t)~x2 +
∫
dt
a˙(t)
)
− αa(t)
4
, (3)
~y = a(t)~x, (4)
where a˙(t) = da(t)
dt
, α is a constant with the dimension of length, α 6= 0. Substituting (2)-(4)
into (1) we easily obtain
ds2 = −dt2 + a2(t)d~x2, (5)
which corresponds to a cosmology with zero spatial curvature.
Now let us find an explicit form of the appropriate manifold in accordance with the para-
metric coordinate representation (2), (3) and (4). From (2) and (3) we get
2(t′ − z) = αa(t). (6)
Adding (2) to (3), multiplying the resulting sum by (6) and using (4), we obtain
t′2 − ~y2 − z2 = 2(t
′ − z)
α
∫
dt
a˙(t)
∣∣∣∣
t=a−1
(
2(t′−z)
α
) , (7)
1
which can be rewritten as
t′2 − ~y2 − z2 =
[
a
∫
da
a2H2(a)
]
a=
2(t′−z)
α
, (8)
where H(a) = a˙(t)
a(t)
is the Hubble parameter. Equation (8) describes a four-dimensional sub-
manifold, embedded into the flat five-dimensional space-time with coordinates t′, ~y, z, for the
general form of a(t).
For simplicity we omit the integration constant appearing in
∫
da
a2H2(a)
. Indeed, the term
c a|
a= 2(t
′
−z)
α
=
2c(t′ − z)
α
in (8), where c is an integration constant, can be eliminated by the coordinate transformation
t′ → t′ + c
α
, z → z + c
α
. Now let us turn to specific examples.
• Radiation dominated Universe (equation of state parameter ω = 1/3):
a ∼
√
λt,
t′2 − ~y2 − z2 = 64
3α4λ2
(t′ − z)4 .
• Matter dominated Universe (ω = 0):
a ∼ (λt)2/3,
t′2 − ~y2 − z2 = 9
α3λ2
(t′ − z)3 .
• ω = −1/3:
a ∼ λt, (a¨(t) = 0),
t′2 − ~y2 − z2 = 4
α2λ2
(t′ − z)2 .
Note, that in this case there exists the dilatation symmetry of the manifold t′, z, ~y →
βt′, βz, β~y, where β is a constant. If α = 2
λ
, we get
t′z =
~y2
2
+ z2,
which is linear in t′.
• ω = −2/3:
a ∼ (λt)2,
t′2 − ~y2 − z2 = (t
′ − z)
2αλ2
ln
(
2(t′ − z)
α
)
.
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• Cosmological constant (ω = −1):
a ∼ eλt,
t′2 − ~y2 − z2 = − 1
λ2
.
This result is well known and can be found in [2, 3]. If one takes α = 2
λ
, coordinate
transformations (2)–(4) take the form [2, 3]:
t′ =
λ
2
eλt~x2 +
1
λ
sh(λt), (9)
z =
λ
2
eλt~x2 − 1
λ
ch(λt), (10)
~y = eλt~x. (11)
• General case (ω 6= −1, ω 6= −2/3):
a ∼ (λt) 23+3ω ,
see, for example, [4], and
t′2 − ~y2 − z2 = 9(1 + ω)
2
4λ2(2 + 3ω)
(
2(t′ − z)
α
)3(1+ω)
.
Now let us turn to five-dimensional brane world models with flat four-dimensional metric
on the brane. Let us consider the six-dimensional space-time with the metric
ds2 = ηµνdX
µdXν + dY 2 − dZ2, (12)
where µ, ν = 0, 1, 2, 3, ηµν = diag(−1, 1, 1, 1). Making substitution
Y =
1
α
(
A(y)ηρσx
ρxσ −
∫
dy
dA/dy
)
− αA(y)
4
, (13)
Z =
1
α
(
A(y)ηρσx
ρxσ −
∫
dy
dA/dy
)
+ α
A(y)
4
, (14)
Xµ = A(y)xµ, (15)
where α is a constant, into (12), we get
ds2 = A2(y)ηµνdx
µdxν + dy2, (16)
which is the standard form of the metric in such models (see [5, 6]). The corresponding sub-
manifold in the six-dimensional flat space-time can be obtained in a way analogous to that
presented above and takes the form
− ηµνXµXν − Y 2 + Z2 =
[
−A(y)
∫
dy
dA/dy
]
y=A−1( 2(Z−Y )
α
)
. (17)
As an example, let us consider the simplest case A = e−k|y|, discussed in papers [7, 8, 9, 10].
For simplicity we also take e−k|y| → e−ky. From (17) we obtain
− ηµνXµXν − Y 2 + Z2 = 1
k2
. (18)
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One can easily see that this submanifold in six-dimensional flat space-time with metric (12)
corresponds to the anti-de Sitter space-time AdS5, which is of course the well known result
(indeed, (16) with A = e−ky is simply the metric of AdS5 in horospherical coordinates). With
α = 2
k
coordinate transformations (13)–(15) take the form
Y =
k
2
e−kyηρσx
ρxσ +
1
k
sh(ky), (19)
Z =
k
2
e−kyηρσx
ρxσ +
1
k
ch(ky), (20)
Xµ = e−kyxµ. (21)
We hope that the results presented in this note can be interesting from theoretical and
pedagogical points of view.
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